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Abstract 

Covering is an important type of data structure while covering-based rough sets pro- 
vide an efficient and systematic theory to deal with covering data. In this paper, we 
use boolean matrices to represent and axiomatize three types of covering approxi- 
mation operators. First, we define two types of characteristic matrices of a covering 
which are essentially square boolean ones, and their properties are studied. Through 
the characteristic matrices, three important types of covering approximation opera- 
tors are concisely equivalently represented. Second, matrix representations of cover- 
ing approximation operators are used in boolean matrix decomposition. We provide a 
sufficient and necessary condition for a square boolean matrix to decompose into the 
boolean product of another one and its transpose. And we develop an algorithm for this 
boolean matrix decomposition. Finally, based on the above results, these three types of 
covering approximation operators are axiomatized using boolean matrices. In a word, 
this work borrows extensively from boolean matrices and present a new view to study 
covering-based rough sets. 

Keywords: Covering, Rough sets, Boolean matrix, Characteristic matrix, 
Approximation operator. 



1. Introduction 

As a widely used form of data representation, coverings most commonly appear in 
incomplete information/decision systems based on symbol data 131 14, 12411 . numeric and 
fuzzy data | kJ U , 22 ] . Covering -based rough set theory 1 23 , 2911 is an efficient tool to 



deal with covering data. In recent years, it has attracted much research interest with a 
series of significant problems proposed. For example, different approximation models 
have been constructed |26[ 28, 34], covering reducts problems have been defined 



|2ll|23[33|, generalization works have been conducted JUS El. 31] and combinations 
with other theories have been made J^OHHt]. 
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Specifically, axiomatization of covering approximation operators has been a hot 
issue. For example, Zhu and Wang f^HS] proposed the reducible element to axiom- 
atize the covering lower approximation operator. Following by Zhu and Wang' work, 
Zhang et al. 113011 axiomatized three pairs of covering approximation operators. Liu 
and Sai lfl7ll constructed an axiom of a pair of covering approximation operators from 
the viewpoint of operator theory. Unfortunately, as an efficient tool for computable 
models, matrices have been seldom used in covering-based rough sets. However, in- 
creasing achievements have been made in representing and axiomatizing classical and 
fuzzy rough sets using matrices 1 15, 181. Naturally, this motivates us to represent 
and axiomatize covering-based rough sets using boolean matrices. 

Boolean matrix decomposition has not only important practical meaning, but also 
profound theoretical significance. In application, it has been widely used in data min- 
ing I2D, role engineering B20I1 and machine learning [8J], and so on. In theory, boolean 
matrix decomposition such as boolean rank and boolean multiplication has attracted 
much research interest lfH [l3ll . However, in general, boolean matrix decomposition is 
NP-hard, hence it is often addressed as an optimization problem. 

In this paper, we represent three pairs of covering approximation operators using 
boolean matrices, and the representation in turn is used in boolean matrix decompo- 
sition and axiomatization. First, we define two types of characteristic matrices of a 
covering and use them to concisely represent three pairs of covering approximation 
operators. Second, through the matrix representation of covering upper approximation 
operator, we present a sufficient and necessary condition for a square boolean matrix to 
decompose into the boolean product of another boolean matrix and its transpose. And 
an algorithm to complement this decomposition is designed. Third, using the sufficient 
and necessary condition of boolean matrix decomposition, we axiomatize these three 
types of covering approximation operators. 

The rest of this paper is arranged as follows. Section previews some fundamental 
concepts related to covering-based rough sets. In Section [3] we present two types of 
characteristic matrices of a covering and use them to represent three types of cover- 
ing approximation operators. Section [4] exhibits a sufficient and necessary condition, 
and an algorithm for boolean matrix decomposition. In Section[5] we axiomatize these 
three types of covering approximation operators through boolean matrix decomposi- 
tion. Section|6]concludes this paper and points out further work. 



2. Basic definitions 

This section recalls some fundamental definitions and existing results concerning 
covering-based rough sets. 

Definition 1. (Covering iiil/ ) Let U be a finite universe of discourse and C a family 
of subsets of U. If none of subsets in C is empty and [J C = U, then C is called a 
covering ofU. 

Neighborhoods are important concepts in rough sets, and they can describe the 
maximal and minimal dependence to an object. 
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Definition 2. (Indiscernible neighborhood and neighborhood 4321/ ) Let C be a cover- 
ing ofUandx e U. 7 c (x) = U{# £ C\x E K} and N c (x) = f]{K e C|ai 6 A"} 
are called the indiscernible neighborhood and neighborhood of x with respect to C, 
respectively. When there is no confusion, we omit the subscript C. 

Neighborhood granulation derived from coverings is a basic unit to characterize 
data, and leads to neighborhood-based decision systems, where neighborhood-based 
approximation operators have been used extensively in symbolic or/and numerical at- 
tribute reduction [Tof]. In this paper, we study the following three types of lower and 
upper approximation operators. 



Definition 3. (Approximation operators 4231 1321/ ) Let C be a covering of U. For all 
X C U, 

SH C (X) = \J{K e C\Kf]X ^ 0}, SL C {X) = [SH C (X C )] C , 

IH C (X) = {xe U\N{x) f| X ^ 0}, IL C (X) = {x G U\N{x) C X}, 

Xffc(X) = U{^(z)l^(z)n*^0}, Xi c (X) = |J{^V(a;)|iV(a ; ) CI}, 

are called the second, fifth, and sixth upper and lower approximations of X with respect 

to C, respectively. When there is no confusion, we omit the subscript C. 

In real world applications, much knowledge is redundant, therefore it is necessary 
to remove the redundancy and keep the essence. For example, the reducible element 
can deal with the knowledge redundancy in rule learning [6]. 

Definition 4. (Reducible element 4331/ ) Let C be a covering ofU and K G C. If K is 
a union of some sets in C — {K}, then K is called reducible; otherwise K is called 
irreducible. All irreducible elements ofC is called reduct of C, denoted as Reduct(G). 



3. Matrix representation of covering approximation operators 

In this section, we define the matrix representation a family of subsets of a set, and 
then propose two types of characteristic matrices of a covering. Through these two 
characteristic matrices of a covering, we represent three types of covering approxima- 
tion operators. 

3.1. Matrix representation of family of subsets of a set 

This section represents a family of subsets of a set using a zero-one matrix, called 
boolean matrix. Using this matrix, families of subsets are connected with binary rela- 
tions and their further properties are found. 

Definition 5. Let F = {F%, • • • , F m } be a family of subsets of a finite set U — 
{x\, • • • , x n }. We define Mp = (mij) nxm as follows: 

1 , Xj d Fj , 
0, Xi^Fj. 

M-p is called a matrix representation ofF, or called a matrix representing F. 
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The following example shows that different matrices can be used to represent the 
same family of subsets of a set. 



Example 1. Let U = {a, b, c, d, e] and F = {{a, b, c}, {b, d}, {c, d}}. Then Mi and 
Ml are matrices representing F. 



Mi 



There are matrices representing the same family of subsets of a set, however it is 
interesting that the boolean product of one matrix and its transpose is unique once a 
sort of elements of the universe is given. 
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Proposition 1. Let F = {F\, ■ ■ ■ , F m } be a family of subsets ofU = {x\ 
and M\, M2 matrices representing F. Then Mi ■ M^ = M; 
the boolean product of M and its transpose M T . 



1 Xn\ 

■ Mf , where M ■ M T is 



Proof. Since Mi and M 2 are matrices representing F, then Mi can be transformed 
into M2 through list exchanges. Hence we only need to prove M\ ■ M^ = M2 ■ Mj 



when Mi = (01, 



v ) and M-i = (a x , 







for 1 < i < j < m, where afc ia a n-dimensional column vector. Thus Mi ■ M{ 



(ai, ■ • ■ ,o m )- 



:l( a k 



M 2 



MJ. 



The following example is provided to illustrate the uniqueness of the boolean prod- 
uct of any matrix representing a covering and its transpose. 



Example 2. As shown in Example^ Mi ■ Mj — M 2 ■ Mj = 
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1 
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1 


1 
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1 








1 
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1 





V° 














Suppose R is a relation on U — {xi, 
(rriij)nxn is defined as follows: 



c„}, then its relational matrix Mr 



G R, 
4 R. 



Conversely, for any n-by-n boolean matrix M, there exists a relation R such that M = 
Mr; we say R is induced by M. 

According to the above, there is a one-to-one correspondence between binary re- 
lations on U and \U\ x \U\ boolean matrices. Then the connecting between matrices 
representing families of subsets and binary relations is built. 
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Proposition 2. Let F be a family of subsets ofU. There exists a symmetric relation R 
such that My • Mp is the relational matrix of R. 

Proof. We only need to prove that M F • Mp is a symmetric matrix. It is straightfor- 
ward since (M v ■ Mj) T = (Mj) T • M J = M F • Mj. 

The square matrix, the boolean product of a matrix representing a family of subsets 
of a universe and its transpose, is regarded as a whole and occupies idempotence. 

Proposition 3. Let F = {F\, ■ ■ ■ , F m } be a family of subsets ofU. If for all I < i < 

j < to, Fj P| Fj = 0, then (M F • Mj) 2 = M F ■ Mj. 

( ai \ 

Proof. Denote M F • Mj = : • (aj, ■ ■ ■ , a£) = (ty)nxn and (M F • ikfj) 2 = 

(sij)nxn- Since for all 1 < i < j < m, Fi f] Fj = 0, then 

t ( 1, 3F G F, s.t. Xi, Xj G F, T ,. w _ ,, A 

= ( o! otherwise. ' If *« = 111611 = V *=i^ fc A 

ifcj) > iij A tjj = 1, which implies = 1. If tjj = and i = j, then ^ (JF 
and Oi = [0, • • • , 0], which implies = 0. If = and i ^ j, we need to prove 
Sij — 0. In fact, if s t j = VJJ =1 (t^fe A t/y) = 1, then there exists k G {1,- • ■ ,n} 
such that tik = tjk = 1. Thus there exist F gi Fh G F such that Xi,Xk B G F g and 
Xj,Xk G F/j. Since = 0, then F ff ^ F h . Therefore, x ko G F s P)F/„ which is 
contradictory with Fif]Fj = for alH, j G {1, • ■ • , n} and i ^ j. 

Corollary 1. Let F = • • • , F m } foe a family of subsets ofU. If for all 1 < i < 

j < to, Fi P| Fj = 0, f/zen ffoere exwfs a transitive relation R such that My ■ Mj is the 
relational matrix of R. 

Corollary 2. IfP is a partition ofU, then (Mp • Mf) 2 = M P ■ M£. 

3.2. Type-1 characteristic matrix of covering 

In this section, type-1 characteristic matrix of a covering is defined, and then con- 
nections between coverings and binary relations are established. 

Definition 6. (Type-1 characteristic matrix of covering) Let C be a covering of U. 
Then Mc ■ M£ is called type-1 characteristic matrix ofC, denoted as T(C). 

Properties of type-1 characteristic matrix of a covering are studied. In fact, its 
elements on the main diagonal are equal to one. 

Proposition 4. Let F be a family of subsets ofU and ^ F. F is a covering iff all the 
elements on the main diagonal of My • Mj are one. 
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/ ai 



Proof. Denote Mp = 



, where ai is a m-dimensional row vector. Denote 

= {tij)nxn = Mp ' M-p — (tij)nxn- 

(=>): Since F is a covering of U, then a» ^ [0, • • • , 0] for all i G {1, • • • , m}. Hence 
hi = V r ^ =1 (a ifc A dfcj) = V^ =1 (a ife A a ife ) = 1. 

If F is not a covering of U, then we suppose Xi 6 U— (J F. Thus a, = [0, • • • , 0] 
implies tu = 0, which is contradictory that all the elements on the main diagonal of 
M-p ■ Alp are one. 

According to the above property of type-1 characteristic matrix of a covering, the 
relationship between coverings and reflexive relations is established. 

Corollary 3. Let ¥ be a family of subsets of U and ^ F. F is a covering iff there 
exists a reflexive relation R such that Mp ■ Alp is the relational matrix of R. 

Since type-1 characteristic matrix of a covering is a square boolean matrix, it can 
induce a binary relation. The following proposition represents the relation through 
covering blocks. 

Proposition 5. Let C be a covering of U and Rc the relation induced by T(C). For 
all Xi, Xj G U, {xi, Xj) £ Rc iff there exists C € C such that Xi, Xj 6 C. 

Proof. For all 2^,2^ e U, (xi,Xj) € Rc 

tij = v ™=iKfc A a kj) = V™ =1 (a 4fc A a jk ) = 1 
^> di A aj 7^ [0, ■ • • , 0] 
<^> there exists CeC such that Xi, Xj G C. 

It is interesting that type- 1 characteristic matrix of a covering is the relational matrix 
of the relation induced by indiscernible neighborhoods of the covering. 

Theorem 1. Let C be a covering ofU and Rc the relation induced by T(C). For all 
x,yeU, {x, y) 6 R c iffy 6 I C (x) = \J{K e C\x € K}. 

Proof. (=>): According to Proposition |5l if (x, y) € R c , then there exists C € C 
such that x,y £ C. Hence y € C C []{K € C\x G K} = I c {x). 
(<=): If y E Ic{x) = \J{K G C\x e K}, then there exists C G C such that a; G C 
and y G C, which implies (x, y) G J2c- 

As is well known, equivalence relations and partitions are determined by each other. 
Therefore, a question raises: what is the relationship between the type-1 characteristic 
matrix of a partition and the relational matrix of its corresponding equivalence relation? 

Corollary 4. Let R be an equivalence relation on U and Mr the relational matrix of 
R. Then T(U/R) = M R . 

Proof. We only need to prove Rjj/r = R- In fact, it is straightforward since Ijj m (x) = 
\J{K G U/R\x G K} = [x] R = {y e U\(x, y) G R}. 
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The above corollary shows that the type-1 characteristic matrix of a partition co- 
incides with the relational matrix of its corresponding equivalence relation. The fol- 
lowing corollary considers another question: which covering blocks removed have no 
effect on type-1 characteristic matrix. 

Corollary 5. Let C be a covering ofU and K G C. If there exists K' G C — {K} 
such that K C K', then T(C) = T(C - {K}). 

3.3. Type-2 characteristic matrix of covering 

The matrix representing a covering is a framework to study covering-based rough 
sets through matrices and it inherits essential information of the covering. This section 
constructs a new operation between boolean matrices to study covering-based rough 
sets in this framework. 

Definition?. Let A = (aij) nxm and B = (bij) mxp be two boolean matrices. We 
define C = AQ B as follows: C — {cij) nxp , 



It is worth noting that A and B are boolean matrices, however AQ B may not be a 
boolean matrix. The following counterexample indicates this argument. 



It is interesting that the new operation of a matrix representing a covering and its 
transpose is a boolean matrix. 

Proposition 6. Let Cbea covering ofU and Mc a matrix representing C. Mq M^, 
is a boolean matrix. 

Proof. It is straightforward that dj G {0, 1, 2}. We only need to prove c,j ^ 2 for 
all i, j G {!,•■• ,n}. 



kj = ^ aj = A% =1 (a k j - a ik + 1) = A^ =1 (a jk - a lk + 1). If U = 2, then 
Afcli i a jk — a ik + 1) = 2, which implies aj k = 1 and = for all k G {1, • • • , to}. 
In other words, Xi ^ C\ for all k G {1, ■ ■ ■ , to}, which is contradictory that C is a 
covering of U . Therefore, tij G {0, 1}, i.e., Mc M£ is a boolean matrix. 

The following proposition points out that the new operation of any matrix repre- 
senting a covering and its transpose is the same once a sort of elements of the universe 
is given. 



Proposition 7. Let C be a covering ofU and Mi, M 2 matrices representing C. Then 
Mi Ml = M 2 Mj. 



AfciOfcj - a *fe + !)• 



Example 3. Suppose A — [0 • • • 0] and B 




, then A B = 2. 
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Deflnition8. (Type-2 characteristic matrix of covering) Let C be a covering ofU. 
Then Mc Mq is called type-2 characteristic matrix ofC, denoted as 11(C). 

The following definition introduces an approach to generating a relation from a 
covering. This relation is closely connected with neighborhood-based rough sets. 

Definition 9. (Relation induced by a covering U2I/ ) Let C be a covering of U. One 
can define the relation R{C) on U as follows: for all x,y £ f7, 

{x,y) e R(C) ^ y G N c (x). 

The type-2 characteristic matrix of a covering is the relational matrix of the relation 
induced by neighborhoods. 

Theorem 2. Let C be a covering ofU. Then 11(C) is the relational matrix of R(C). 

Proof. Denote M c = : and n(C) = M c M£ = (Uj) nxn . If = 1, 
\a n J 

then A™ =1 (a,jk — a%k + 1) = 1, which implies if = 1, then ajk — 1- In other 
words, if Xi E Ck, then Xj E C%. Hence Xj E (~}{K E C\xt E K} = Nc(xi), i.e., 
(xi,Xj) E i?(C). If tjj = 0, then A^L 1 (a J 7 C — + 1) = 0, which implies that there 
exists fco E {1, • • ■ , m} such that a,jk — and = 1, In other words, Xi E Cfe 
and Xj Ck - Thus Xj ^ Cfe 2 Hl-^ € C|a;, E = Nc(xi), which implies 
a^j ^ Nc(xi), i.e., (xi,Xj) ^ R(C). This completes the proof. 

The following proposition considers a question: which covering blocks removed 
have no effect on type-2 characteristic matrix. 

Proposition 8. Let C be a covering ofU and ifeC. If K is reducible, then 11(C) = 

n(c-{K}). 

Proof. It is straightforward since N c {x) = N c _^ K j(x) for all x E U if K is re- 
ducible in C. 

The above proposition presents that reducible elements of a covering removed have 
no effect type-2 characteristic matrix. It is natural that a covering and its reduct have 
the same type-2 characteristic matrix. 

Proposition 9. Let C be a covering ofU. Then 11(C) = U(Reduct(C)). 

The neighborhood-based upper approximation can be represented by matrix repre- 
sentation, xy is used to denote the characteristic function of Y in U; in other words, 
for all y E U, xy (y) = 1 if and only if y E Y. 

Theorem 3. Let C be a covering ofU. Then for all X C U, 

xih(x) = n(c) • xx- 
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Proof. Denote M c Mg = (%)„ X n- If X = 0, then = M c 



[0,-- - ,0] T = [0, 
Xi G /if (X) 

^ X/H(X)(^) = 1 

^ V' fe 'L 1 (^Axx(^)) = l 

3fc G {1, • • • , to} such that fj& 
x ka £ Nc(Xi), x ko G X 



, 0] J , which implies /if (X) = 



Xx(x k „) = 1 



Example 4. Lef U = {a,b,c,d,e, /} an<i C 
{a, £>}, = {a, c, d}, .K3 = {a, 6, c, <i} a«c/ K4 

/ll 
1 



n(C) = M c 0Mg 



1 

1 



\0 



o\ 




1 
1 

V 



{K U K 2 ,K 3 ,K 4 } where K x 
{d, e, /}. 77zen 



















(I 
















1 















1 


1 

















1 


1 










1 





1 


1 








1 


1 


1 



















1 














1 


1 















1 


1 


1 












v° 








1 


1 


V 



X 


Xx 


n(C)- X x 


IH(X) 


{a} 
{b,c} 
{a,d,e} 
{b,d,e,f} 


[1 0] J 
[0 1 1 0] T 
[1 1 1 0] T 
[0 1 1 1 1] T 


[1 1 1 000] T 
[0 1 1 000] T 

[1 1 1 1 1 1] T 

[0 1 1 1 1 1] T 


{a,b,c} 
{fo,c} 
{a, 6, c,d,e,f} 
{b,c, d,e,f} 



Similarly, the neighborhood-based lower approximation operator is also represented 
by type-2 characteristic matrix. 

Theorem 4. Let C be a covering ofU. Then for all X C U and 1/8, 

xil(x) = n(c) xx- 

Proof. Denote M c Al£ = {Uj) nX n- 
Xi G IL(X) ^ XiL(X)(xi) = 1 
&Vk=i(Xx(x k )-t ik + l) = l 
<^> if t ik = 1, then xx{x k ) = 1 
^ if x k G Nc(xi), then Xfc 6 X 
^iVc(xi) CI 

Example 5. As shown in Example^ the following table is obtained: 



X 


Xx 


n(c)0 Xx 


IL(X) 


{a} 
{b,c} 
{a,d,e} 
{b, d,e,f} 
{a, 6, c, d, e} 


[1 00] T 
[0 1 1 000] T 
[1 1 1 0] T 
[0 1 1 1 1] T 
[1 1 1 1 1 0] T 


[1 000 0] J 
[0 0] T 
[1 1 0] T 
[0 1 1 1] T 
[1 1 1 1 0] T 


{a} 


{a,d} 
{d,e,f} 
{a, b, c, d} 



Using the new operation, type-1 characteristic matrix is examined. Then the covering- 
based upper approximation operator is described. 
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Theorem 5. Let C be a covering ofU. Then for all X C.U, 

xsh(x) = r(c) • xx- 

Proof. We only need to prove {x e U\I(x) f| X ^ 0} = SH(X) for all X C U, 
where I(x) = (j{K G C|a; £ if}. For all x G SH(X), then there exists K e C 
such that K f]X 7^ 0. Then Kf]X C /(xJfi-X' ^ 0, which implies z G {x G 
f7|Z(ar) f| X ^ 0}. Conversely, for all x £ {x G J7|7(x) f| X ^ 0}, i.e., 7(x) f| X = 
which implies J (a;) C X c . Since Kf]X C I(x) f| X for all x £ K, then Kf]X = 
0. Hence a; ^ SH(X). This completes the proof. 

Example 6. As shown in Example^ the following table is presented: 



X 


Xx 


r(C)-xx 


SH(X) 


{a} 
{b,c} 
{a,d,e} 
{a, b, c, d} 
{a,b,d,e,f} 


[1 op 
[0 1 1 0] T 
[1 1 1 0] T 
[1 1 1 1 0] T 
[1 1 1 1 1] T 


[11110 op 
[1 1 1 1 0] T 

[1 1 1 1 1 1] T 
[1 1 1 1 1 1] T 
[1 1 1 1 1 1] T 


{a, b, c, d} 
{a, b, c, d} 
{a,b, c,d,e,f} 
{a,b, c,d,e,f} 
{a,b, c,d,e,f} 



Similarly, the covering-based lower approximation operator is represented using 
type-1 characteristic matrix and the new operation. 

Theorem 6. Let C be a covering ofU. Then for all X C U, 

Xsl(x) = r(c) Gxx- 

PROOF. We only need to prove {x G U\I(x) C X} = SL(X) for all X C U. In fact, 
it is straightforward. 

Example 7. As shown in Example^ the following table is exhibited: 



X 


Xx 


r(c)0 X x 


SL(X) 


{a} 
{a,b} 
{d,e,f} 
{a, b, c, d} 
{a,b, d,e,f} 


[1 000 op 
[1 1 0] T 
[0 1 1 1] T 
[1 1 1 1 0] T 
[1 1 1 1 1] T 


[ooooo op 

[0 0] T 
[0 1 1] T 
[1 1 1 0] T 
[0 1 1] T 





{e,/} 
{a, b,c} 

{ej} 



Theorem 7. Let C be a covering ofU. Then for all X C U, 

xxh(x) = n(c) T • n(c) • xx, 

Xxl(x)=TI(C) t -n(c) xx- 

Proof. For a covering C of J7, we construct a special covering Cov (C) = {N(x)\x G 
[/} induced C. Then XH C (X) = SH Cov[c) {X) and XL C {X) = SL Cov(c) (X) for 
all X QU. Since n(C) T is a matrix representing Cou(C), according to Theorems[5] 
and|6l Xxh(x) = n(C) T • n(C) • xx and xxl(x) = n(C) T • 11(C) X x- 

Example 8. As shown in Example^ the following two tables are revealed: 
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Y 


XY 


n(cy j ' -n(c)- X y 


XH{Y) 


{a} 
{a,b} 
{a,b,c} 
{d,e,f} 
{a,d,e,f} 


[1 000 0] J 
[1 1 0] T 
[1 1 1 0] T 
[0 1 1 1] T 
[1 1 1 1] T 


[1 1 1 1 0] T 
[1 1 1 10 0] T 
[1 1 1 10 0] T 
[101111] T 

[1 1 1 1 1 1] T 


{a, 6, c, d} 
{a, 6, c, d} 
{a, b, c, d} 
{a,c,d,e,f} 
{a,b,c, d,e,f} 



Y 


XY 


n(cy j '-n(c)0XY 


XL(Y) 


{a} 
{a,b} 
{a,b, c} 
{a, 6, c, d} 
{a,b,d,e,f} 
{a,b,c, d,e, f} 


[1 0000] J 
[1 1 0000] T 
[1 1 1 000] T 
[1 1 1 10 0] T 
[1 101 1 1] T 
[1 1 1 1 1 1] T 


[000 0] J 
[0 1 0] T 
[0 1 0] T 
[1 1 1 0] T 
[0 1 1 1] T 

[1 1 1 1 1 1] T 




{b} 
{b} 
{a,b,c} 
{b,e,f} 
{a,b, c,d,e,f} 



4. Boolean matrix decomposition using covering-based rough sets 

In this section, we present a sufficient and necessary condition for a boolean matrix 
to decompose into the boolean product of another boolean matrix and its transpose, 
i.e., B = A- A T , where B € {0, l} nxn and A e {0, 1}™*™. Here {0, 1}™*™ denotes 
the family of all boolean matrices C = (Cij) nxm . 

Proposition 10. Let C be a covering of U and Mc a matrix representing C. Then 
Mc ■ Mq is symmetric and (Mc • Mq)u = 1. 

For all A,B,C £ {0, l}" xm , if A l3 = By V C V] for i e {1, • • ■ , n} and j e 
{1, • • • , m}, then we denote A = B V C and we say that A is the union of B and 
C. If Aij < Bij for i G {1, ■ • • , n} and j e {1, ■ • • , to}, then we denote A < B. 
Obviously, A = B if and only if A < B and B < A. 

In the following proposition, we break the characteristic matrix of a covering into 
the union of some "small" characteristic matrices. 

Proposition 11. Let C be a covering ofU — {x\, • ■ ■ , x n }. Then 
M c ■ Ml = V KeC (M {K} ■ Mf K} ). 

Proof. It is straightforward that V K ec(M {K} ■ M^ K} ) < M c ■ Mg. If (Mc • 
Mc)ij — 1, then according to Proposition [5] xi G Ic(xj). Hence there exists K G 
C such that Xi,Xj G K, which implies (M^ K y ■ Mj K ^)ij = 1. This proves that 

Mc ■ < V Kec {M{ K y ■ Mj K y) . To sum up, we prove Mc ■ = Vk ec {^{k} " 

In fact, the characteristic matrix of a covering can be represented by the character- 
istic functions of covering blocks. 

Corollary 6. Let C be a covering of U. Then 
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M c -M% = V KeC (x K 'xZ)- 



Inspired by the "small" characteristic matrix of a covering block, we define the 
sub-formula, which serves as a foundation for designing an algorithm for an optimal 
boolean matrix decomposition. 



Definition 10. Let U = {xx, ••• , x n } be a universe and A S {0, 1}™*™. A is called 
a sub-formula on U if there exists X C U such that A 



Example 9. Let A\ = 



' 1 





1 ~ 




' 1 


1 


1 " 











and A2 = 


1 


1 


1 


1 





1 




1 


1 


1 



Then A\ and A2 



are sub-formulas on U = {xi,X2,x^} since there exist X\ — {xi^^} and X2 = 
{xi, X2, £3} such that A\ = M{x x } • M{x x } an d ^2 — M{x 2 } ' ^Tx 2 y 

In the following theorem, we present a sufficient and necessary condition for a 
square boolean matrix to decompose into the boolean product of another boolean ma- 
trix and its transpose. 



Theorem 8. Let B e {0,l} rix ™. Then there exists A £ {0,1}™ 
A-A T iff(B = B T ) A £{!,-••, n}, By =1^B U = 1). 



such that B 



PROOF. (=►): On one hand, B T = (A ■ A T ) T = (A T ) T ■ A T = A ■ A T = B. On the 



other hand, we suppose A = 



where cu is a m-dimensional column vector. 



V*,j G {1,- 
such that dih 



n}, if Bij = 1, then aj ■ aj = 1, i.e., there exists h 6 {!,-•• , m} 



1. Hence B; 



1 and Bi 



1. 



(<^=): Suppose that A±, ■ ■ ■ , A m is all the sub-formulas that satisfy A{ < B, i.e., 
AiV B = B,ie {!,■■■ ,k}. If (B = B T ) A (Vi,j G {1, • • • .nJ.By = 1 => B tl = 
1), then B = \/™ l Ai. Since A{ is a sub-formula on U = {x\, ■ ■ ■ , x n }, there exists a 
unique Ki such that A, = M {K . } -Mf Ki} . Hence B = V™Ai = V™(M {Kt} -M^. } ). 
According to Proposition [TT] B = Mc ■ where C = {K\, ■ ■ ■ ,K m }, which 
implies B = A ■ A T where A = Ma- 
in applications, min{k\B — A ■ A T ,A S {0, l} nxfe } has some special meaning. 
For instance, in role mining, it represents the minimal number of roles 02OI1 . If B = 
A ■ A T where A has a minimal column, then it is an optimal decomposition. The 
following reveals the special meaning of an optimal decomposition in covering-based 
rough sets. For this reason, the reducible element is introduced. 



Definition 11. (Reducible element [2^ HJ) Let C be a covering ofU and K G C. If 

K can be expressed as a union of some elements in C — {K }, then K is called a union- 
reducible element of C; otherwise, it is called a union-irreducible element. Similarly, 
if K can be expressed as an intersection of some elements in C — {K}, then K is 
called an intersection-reducible element of C; otherwise, it is called an intersection- 
irreducible element. 
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Inspired by the reducible element, we define the notion of general intersection- 
reducible element, which is similar to the relative covering reduct proposed in litera- 
ture n. 

Definition 12. Let C be a covering ofU and K £ C. If there exists K' s C such that 
K C K' , then K is called a general intersection-reducible element ofC; otherwise, it 
is called general intersection-irreducible. 

Note that the above definition can be extended to any family of subsets of a set. 
Hence in the rest of this paper, this notion may be used to deal with a family of subsets 
of a set without additional definition. 

In fact, the family of all general intersection-reducible elements of C is unique, and 
we call it the general intersection-reduct of C, and denote it as GIR(C). The following 
theorem explores the relationship between an optimal boolean matrix decomposition 
and the general intersection-reduct. 



Theorem 9. Let B e {0, 1}™ X 
Bu = 1. Then B = M gir{Cb) 



where B — B T and\/i,j £ {1, • • • ,n},Bij = 1 =£■ 
is an optimal decomposition of B, where 



M, 



GIR(C B 



C b = {K\3As.t. (A < B) A (M {K} 



Theorem|9]shows that finding an optimal boolean matrix decomposition is equiva- 
lently to find the general intersection-reduct of a covering. An example is provided to 
illustrate this interesting transformation. 



Example 10. Let B 



taining in B are A\ — 



pose U — {xi, 



1 
1 

1 


1 
1 



1 





M 



{Ki} 



■ ■ ,x§} and K\ = 
and A 2 — M{at 2 } 
M c ■ 








{xi 



Then the maximal sub-formulas con- 



and A2 = 



j; 2 



M Ik 2} ) 









X4} and K2 
Hence B - 



We sup- 



Mg where C 



■■ {x3,X4}, then A\ = 
AiVA 2 = (M {Kl} 



The following algorithm shows how to obtain an optimal boolean matrix decompo- 
sition using covering-based rough sets. 
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Algorithm 1 An algorithm for optimal boolean matrix decomposition 
Input: Be{0,lp 

Output: A E {0,l} nxm with the minimal column 
1: Denote U = {xx, • ■ • , x n }; 

2: Compute all maximal sub-formulas containing in B, and denote as A\, ■ ■ ■ ,A. 
3: if B — V^A, then 

4: Compute Ki such that A, = M^ K .j ■ Mj Ki -. ^ or * G {!> * " ' , 
5: Return A = [x Kl , • • • ,X K J; 

6: // A • A T is an optimal boolean matrix decomposition of B; 
i: else 

8: Return 0; // there does not exist A G {0, l}" xm such that B — A ■ A T ; 
9: end if 



5. Axiomatization of covering approximation operators using boolean matrices 

Axiomatization of covering-based rough sets has attracted much research inter- 
est lfl4l [30l l35ll . However, those works are mainly conducted from the viewpoints of 
set theory and operator theory. As a well-known quantitative tool, boolean matrices are 
used to axiomatize the upper approximation operators of covering-based rough sets in 
this paper. 

Let U — {xi,--- ,x n } and an operator / : 2 U — > 2 U . We denote Af = 

[X f ( ei ),--- ,X/(e„)] T where e, = [■ ■ ■ , 0, 1, 0, ■ ■ ■ ]J . 

i-th 

Theorem 10. Let H : 2 U — > 2 U be an operator. Then there exists a covering C such 
that H = SHc iff Ajj — Ah and {Ah)u = {for all i € {1, • • • , n). 

Proof. (=K): Since there exists a covering C such that H = SH C , A H = T(C) = 
Mc ■ Mc- According to Proposition |4] (Ah)u = 1 for all i G {1, • • • , n}. Addition- 
ally, A H = Ah is straightforward. 

(<=): Since A H = Ah and (Ah)u — 1 for alH e {1, • • • , n}, according to Theo- 
rem|8] there exists B G {0, l}™ xm such that Ah = B ■ B T . Specifically, we suppose 
B is the minimal decomposition of Ah and B = [B±, ■ ■ • , B m ], then we construct a 
covering C = K\, ■ ■ ■ , K m satisfying Bi = \ K for alii G {1, • • • , m}. Hence it is 
straightforward that H = SHc ■ 

Theorem [10] shows a sufficient and necessary condition for an operator to be the 
second upper approximation operator with respect to a covering using boolean ma- 
trices. The following corollary reveals the close connection between covering-based 
rough sets and generalized rough sets based on relations. 

Corollary 7. Let H : 2 U — > 2 U be an operator. Then there exists a covering C such 
that H = SHc iff Ah is the relational matrix of a reflexive and symmetric relation. 
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Corollary [7] presents that the second upper approximation operator with respect to 
a covering is determined by a reflexive and symmetric relation. The following theorem 
explores the relationship between the fifth upper approximation operator of covering- 
based rough sets and generalized rough sets based on relations. 

Theorem 11. Let H : 2 U — > 2 U be an operator. Then there exists a covering C such 
that H = IH C iff (A H ) 2 = A H and (Ah)u = I for all i € {1, • • • ,n}. 

Theorem Q~T] exhibits a sufficient and necessary condition for an operator to be the 
fifth upper approximation one with respect to a covering using boolean matrices. 

Corollary 8. Let H : 2 U — > 2 U be an operator. Then there exists a covering C such 
that H = I He iff Ah is the relational matrix of a reflexive and transitive relation. 

Corollary |8]points out that the fifth upper approximation operator with respect to a 
covering is determined by a reflexive and transitive relation. 

Theorem 12. Let H : 2 U — > 2 U be an operator. Then there exists a covering C such 
that H = XH C iff there exists B e {0, 1} TIX " such that A H = B ■ B T where B 2 = B 
and (B)a = lfor all % S {1, • • • , n}. 

Proof. According to Theorem[7] it is straightforward. 

Theorem Q~2]presents an axiom of the sixth upper approximation operator with re- 
spect to a covering from the viewpoint of boolean matrices. 

Corollary 9. Let H : 2 U — > 2 U be an operator. Then there exists a covering C 
such that H = XHc iff there exists a reflexive and transitive relation ( B its relational 
matrix) such that Ah = B ■ B T . 

Corollary|9]indicates that the sixth upper approximation operator with respect to a 
covering is corresponded with a reflexive and transitive relation. 

6. Conclusions 

In this paper, we define two types of characteristic matrices of a covering, and then 
use them to represent three types of widely used covering approximation operators. 
Through matrix representations of covering approximation operators, we provide a 
sufficient and necessary condition a boolean matrix to decompose into the boolean 
product of another boolean matrix and its transpose. And then we design an algorithm 
for this boolean matrix decomposition. Finally, we axiomatize these three types of 
covering approximation operators using boolean matrices. This work may open up a 
new view to study covering-based rough sets. 
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